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THE ORBIFOLD COHOMOLOGY OF MODULI OF GENUS 3 CURVES
NICOLA PAGANI AND ORSOLA TOMMASI
Abstract. In this work we study the additive orbifold cohomology of the moduli stack
of smooth genus g curves. We show that this problem reduces to investigating the rational
cohomology of moduli spaces of cyclic covers of curves where the genus of the covering
curve is g. Then we work out the case of genus g = 3. Furthermore, we determine the
part of the orbifold cohomology of the Deligne–Mumford compactification of the moduli
space of genus 3 curves that comes from the Zariski closure of the inertia stack of M3.
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1. Introduction
It was a remarkable discovery of the beginning of this century, anticipated in physics
in the nineties, that the degree zero small quantum cohomology of a smooth Deligne–
Mumford stack X does not in general coincide with the ordinary cup product, and that it
is, in fact, a proper ring extension of the ordinary cohomology ring of X. More generally,
the definition of quantum cohomology and Gromov–Witten invariants for orbifolds were
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given in symplectic geometry by Chen and Ruan in [9]. The algebraic counterparts of these
theories were developed by Abramovich–Graber–Vistoli in [2], [3].
The Chen–Ruan cohomology of a smooth Deligne–Mumford stack X is, by definition, the
degree zero part of the small quantum cohomology ring of X, and the orbifold cohomology
of X is the rationally graded vector space that underlies the Chen–Ruan cohomology
algebra. The general idea, coming from stringy geometry, is that an important role in the
study of X is played by the so-called inertia stack of X. When X is a moduli space for
certain geometric objects, the inertia stack of X parametrizes the same geometric objects,
together with the choice of an automorphism on them. The stack X itself appears as the
connected component of its inertia stack associated with the trivial automorphism, but
in general there are other connected components, usually called the twisted sectors of X,
a terminology that originates from physics. Orbifold cohomology is simply the ordinary
cohomology of the inertia stack, endowed with a different grading. Each twisted sector is
assigned a rational number, called (depending on the author) degree shifting number, age
or fermionic shift : this number depends on the action of the given automorphism on the
normal bundle to the twisted sector in X. Then the degree of each cohomology class of
the twisted sector is shifted by twice this rational number.
In this paper, we study the inertia stack of moduli spacesMg of smooth genus g curves.
The starting point of our construction is that one can associate with each object (C,α)
of the inertia stack the cover given by quotienting C by the cyclic group generated by α.
Following an idea of Fantechi [13], we exploit this correspondence to tackle the problem
of the identification of the twisted sectors of Mg by using the classical theory of cyclic
(possibly ramified) covers of algebraic varieties, as developed in [24]. We identify some
discrete data in order to separate the inertia stack of Mg in its connected components.
The first data are the genus of the quotient curve and the order N of the automorphism;
the latter is a general invariant of twisted sectors as it appears already in the definition
of the inertia stack. Finally, the branch locus of the cover can be split in N − 1 parts
according to the local monodromy around each of its points. The last invariants are simply
the degrees of each of these N − 1 divisors. It is a recent result of Catanese [8] that these
numerical data single out a connected component of the moduli space of connected cyclic
covers.
The twisted sectors of moduli of curves were studied with ad hoc methods in the case
of genus 2 in [26], and in the case of pointed curves of genus 1 in [21]. The same approach
explained in the above paragraph was used in [22] to identify the twisted sectors of Mg,n
with g = 2 or n ≥ 1, in this paper we complete the picture by analyzing the more delicate
case when n = 0. A complete cohomological description of the twisted sectors of moduli
of hyperelliptic curves for all genera is given in [23] following a similar approach.
After having determined the connected components of the inertia stack ofMg for general
g, we study the topology of the twisted sectors in the case when g equals 3. In most cases,
the cohomology of the twisted sector is computed in a rather straightforward way. The
main exceptions are the twisted sectors corresponding to bielliptic and to quadrielliptic
genus 3 curves, which require a more detailed analysis. In particular, our computation
of the cohomology of the moduli space of bielliptic genus 3 curves is achieved by using
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a combination of Vassiliev–Gorinov’s method for the computation of the cohomology of
complements of discriminants with the study of certain Leray spectral sequences, following
the approach of [27], [28]. We expect that these techniques could be applied also in other
cases of moduli spaces of cyclic covers, at least for small values of g.
Finally, we partially extend our investigation to the orbifold cohomology of the Deligne–
Mumford compactification M3 of M3. Specifically, we study the Zariski closure of I(M3)
inside the inertia stack I(M3). The connected components of this compactification are
precisely the connected components of I(M3) whose general element is a smooth curve
1.
The study of the compactification of the inertia stack is performed using moduli stacks of
admissible covers (we refer for the general theory to [1]). The cohomology of the twisted
sectors contained in this compactification contributes to what we call the compactified
orbifold cohomology of M3.
The main results of the paper are the description of the connected components of the
twisted sectors of Mg (Sect. 2.a), the age for each of them (Prop. 5.6) and the explicit
computation of the orbifold cohomology of M3, which we recollect in the following two
theorems:
Theorem 1.1 (Theorem 5.12). The orbifold Poincare´ polynomial of M3 is:
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Theorem 1.2 (Theorem 5.14). The compactified orbifold Poincare´ polynomial (see Defi-
nition 5.5) of M3 is:
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The ordinary additive cohomology of M3 and M3 was studied by Looijenga and Getzler,
respectively in [20, (4.7)] and [15, Prop. 16]: our results are an extension of theirs.
The paper is developed on three levels of generality. On the first level, we work with a
general smooth Deligne–Mumford stack: we recall the theory of inertia stack, age grading,
orbifold cohomology, as first developed by Chen–Ruan in [9] and Abramovich–Graber–
Vistoli in [2], [3]. The compactified orbifold cohomology is introduced for any choice of a
smooth compactification X ⊂ X . On the second level, we develop the above theories in
1We can think of this situation in analogy with what happens in the theory of moduli of stable maps: it
is often the case that compactifying the space of maps one introduces “extraneous” components, and that
the main interest is focused on the connected components of the moduli space whose general element is a
map from a smooth curve.
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the case of the moduli stack of curvesMg and its Deligne–Mumford compactification Mg.
Finally the third level is devoted to work out all the details in the case g = 3.
We work with cohomology, as in the seminal paper of Chen–Ruan. Nevertheless, many
of the techniques we use are algebraic, thus closer to the Abramovich–Graber–Vistoli’s
approach. We work over the field of complex numbers, and cohomology is always taken
with rational coefficients.
1.a. Notation. By a stack, we shall always mean a Deligne–Mumford stack, of finite type
over C. In this context, the canonical map from a stack to its coarse moduli space induces
an isomorphism in cohomology: we will often identify the two cohomologies by means
of this isomorphism. We adopt the convention that orbifold cohomology is the graded
vector space underlying Chen–Ruan cohomology, where the latter carries the additional
ring structure.
If X is an algebraic variety, or, more generally, a Deligne–Mumford stack, and G is a
finite group acting on it, we denote the quotient Deligne–Mumford stack by [X/G]. When
X is a point, we write BG for [SpecC/G]: the moduli stack that classifies principal G-
bundles.
In our work, we shall consider the cohomology with its mixed Hodge structures. We
shall denote by Q(−k) the Hodge structure of Tate of weight 2k. The class of Q(−1) in the
Grothendieck group K0(HSQ) of rational Hodge structures will be denoted by L = [Q(−1)].
Results on the cohomology with compact support of a quasi-projective variety (or stack
with quasi-projective coarse moduli space) X shall often be expressed by means of its Euler
characteristic in K0(HSQ). Following [25, Definition 5.5.2], we call this Euler characteristic
the Hodge–Grothendieck character for compact support of X and denote it by
χcHdg(X) =
∑
i∈N
(−1)i[H ic(X)] ∈ K0(HSQ).
Hodge–Grothendieck characters for compact support are sometimes called Serre character-
istics in the literature.
Similarly, to state results on cohomology with compact support in a concise way, we
shall express them as polynomials with coefficients in the Grothendieck group of Hodge
structures:
PX(t) =
∑
i∈N
[H ic(X)]t
i ∈ K0(HSQ)[t].
We work with cyclic covers f : C → C ′, where C and C ′ are, respectively, the covering
and the covered space. If a cyclic cover is not e´tale, the source and the target contain,
respectively, ramification and branch points.
We shall denote the symmetric group in d letters by Sd and the group of kth roots of
unity by µk.
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2. The inertia stacks
2.a. Definition of the inertia stack. In this section we recollect some basic notions
concerning the inertia stack. For a more detailed study, we address the reader to [3,
Section 3].
We introduce the following natural stack associated to a stack X, which points to where
X fails to be an algebraic space.
Definition 2.1. ([2, 4.4], [3, Definition 3.1.1]) Let X be a stack. The inertia stack I(X)
of X is defined as:
I(X) :=
∐
N∈N>0
IN (X)
where IN (X)(S) is the following groupoid:
(1) The objects are pairs (ξ, α), where ξ is an object of X over S, and α : µN → Aut(ξ)
is an injective homomorphism;
(2) The morphisms are the morphisms g : ξ → ξ′ of the groupoid X(S), satisfying
g · α(1) = α′(1) · g.
The inertia stack comes with a natural forgetful map f : I(X)→ X.
We also define ITW (X) :=
∐
N>1 IN (X). The connected components of ITW (X) are
called twisted sectors of the inertia stack of X, or simply twisted sectors of X.
We remark that, by its very definition, IN (X) is an open and closed substack of I(X),
but it rarely happens that it is connected. One special case is when N equals 1: in this case
the map f restricted to I1(X) induces an isomorphism of the latter with X. The connected
component I1(X) will be referred to as the untwisted sector. We also observe that after
the choice of a generator of µN , we obtain an isomorphism of I(X) with I
′(X), where the
latter is defined as the (2-)fiber product X ×X×X X where both morphisms X → X ×X
are the diagonals.
Remark 2.2. There is an involution ι : IN (X) → IN (X), which is induced by the map
ι′ : µN → µN given by ι
′(ζ) := ζ−1.
The inertia stack, which we have just defined, is the fundamental ingredient in the definition
of orbifold cohomology (Chen–Ruan cohomology as a vector space). We observe that, at
this level, we do not need X to be smooth nor proper.
Definition 2.3. ([9]) LetX be a stack. The orbifold cohomology (with rational coefficients)
of X is defined as a vector space as:
H•CR(X) := H
•(I(X)).
Now ifX →֒ X is an open dense embedding, we can define an intermediate space between
I(X) and I(X), namely:
Definition 2.4. Given a compactification of a stack i : X → X, we define the compactified
inertia stack of X as the stack
I(X) =
∐
N∈N
IN (X)
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where IN (X) is the stack of all connected components Y of IN (X) such that i
∗Y 6= ∅. We
can thus define the compactified orbifold cohomology as the following vector space:
H
•
(X) := H•(I(X)).
In the following sections, we will study the inertia stack for moduli of smooth genus g
curves and its compactified inertia stack with respect to the Deligne–Mumford compactifi-
cation. In the first case we will use the theory of cyclic covers of smooth curves (see [24]),
in the second we will use the theory of admissible covers as developed in [1].
Remark 2.5. The orbifold cohomology of X only depends upon the topological space
(coarse moduli space) underlying I(X). In [3], the authors introduce two notions related
to the inertia stack: the stack of cyclotomic gerbes ([3, Definition 3.3.6]) and the rigidified
inertia stack ([3, 3.4]), showing in [3, 3.4.1] that they are equivalent categories. It is
relevant to observe that all these different notions of inertia stacks share the same coarse
moduli space, and therefore they give rise to the same orbifold cohomology theory.
2.b. The inertia stack of moduli of genus g smooth curves. We want to study the
twisted sectors of the inertia stack of moduli of smooth genus g curves. For this, we study
the moduli stacks of cyclic ramified covers of curves of genus g′ < g. This approach is due to
Fantechi [13], and builds on the theory of abelian covers of algebraic varieties (see Pardini
[24]). The first author has used this approach in [22, Section 2.b] for the simpler cases
when the genus is 2, or when there is a positive number of marked points. A description of
the theory of abelian covers in the case of curves and of cyclic groups that is closely related
to the one we use can be found in [8, Sections 1 and 2]. A similar construction for covers
of prime order was studied in [10].
We start by summarizing informally the description of cyclic covers we will use in this
paper.
Fact 2.6. ([24, Proposition 2.1]) Let C ′ be a smooth genus g′ curve. Then the following
data are equivalent:
• A cyclic (possibly ramified) µN -cover ψ : C → C
′, where C is a smooth curve,
possibly disconnected;
• A sequence of N − 1 smooth effective divisors D1, . . . ,DN−1 (with pairwise disjoint
support, possibly empty), a line bundle L on C ′ together with an isomorphism φ :
L⊗N → OC′(
∑
i iDi).
With this result in mind, let us define:
Definition 2.7. Let g > 1 be an integer. A g-admissible datum is an (N + 1)-tuple
of nonnegative integers A = (g′, N ; d1, . . . , dN−1) with N ≥ 2 and g
′ ≤ g, satisfying the
following conditions:
• Riemann–Hurwitz formula
(2.8) 2g − 2 = N(2g′ − 2) +
(∑
di gcd(i,N)
(
N
gcd(i,N)
− 1
))
;
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• the structural equation of abelian covers
(2.9)
∑
i di = 0 mod N.
The integers N and g′ will be called respectively the order and the base genus of the
g-admissible datum A.
Note that, for a fixed g, the set of all g-admissible data A is finite. With every ad-
missible g-datum, we associate the integers d =
∑
di, and a disjoint union decomposition
{1, . . . , d} =
∐N−1
i=1 Ji by:
Ji :=

j|
∑
l<i
dl < j <
∑
l≤i
dl

 .
Moreover, we will denote by SA the subgroup of Sd (the symmetric group on d elements)
defined by SA := {σ| σ(Ji) = Ji}.
We shall now construct the twisted sectors of Mg as stacks of cyclic N -covers of curves
of genus g′, with branch locus of type d1, . . . , dN−1.
Definition 2.10. Let A be a g-admissible datum. We define the stack MA whose objects
over a scheme S are (N +2)-tuples (C,D1, . . . ,DN−1, L, φ), where C is a smooth family of
genus g′ curves over S, the Di are sections of (Sym
di
S C \∆di)→ S (where ∆di denotes the
big diagonal) defining disjoint divisors on C, L is a line bundle and φ : L⊗N → OC(
∑
iDi)
is an isomorphism.
The stack M′A is defined as the open and closed substack of MA whose objects under
the correspondence described in Fact 2.6 are connected covers.
Remark 2.11. Let A be a g-admissible datum, and define k as the greatest common
divisor of N and all the i with di 6= 0. The condition of connectedness for the cover in the
last sentence of Definition 2.10 is satisfied when
(2.12) L⊗
N
k ⊗ OC(−
∑ i
k
Di)
has precisely order k in the Picard group of C. When g′ equals 0, then MA is always
connected, thus M′A is empty when k > 1, or it coincides with MA when k = 1. When
g′ > 0, fixing a proper divisor of k as the order of (2.12) determines an open and closed
substack ofMA. As a consequence of Theorem 2.19, we see a posteriori that each of these
open and closed substacks (in particular also M′A) is in fact connected.
Remark 2.13. Let us be more explicit about the morphisms ofMA(S). Let (C,Di, L, φ)
and (C ′,D′i, L
′, φ′) be two objects as in Definition 2.10. Then a morphism between them is
a couple of isomorphisms (σ : C → C ′, τ : σ∗L′ → L) satisfying the following conditions:
The map σ is an isomorphism of curves such that σ∗(D′i) = Di and τ is an isomorphism
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of line bundles that makes the following diagram commute:
(2.14) σ∗(L′⊗N )
σ∗(φ′)
//
τ⊗N

σ∗ (OC′(
∑
iD′i))
γ

L⊗N
φ
// OC(
∑
iDi),
where we denoted by γ the isomorphism induced by σ. A different definition for a mor-
phism between the two families (C,Di, L, φ) and (C
′,D′i, L
′, φ′) is the following: a single
isomorphism σ : C → C ′ satisfying σ∗(D′i) = Di and such that there exists an isomor-
phism τ : σ∗L′ → L making diagram (2.14) commute. These two different definitions of
morphisms give rise to two different stacks, which share the same coarse moduli space.
Remark 2.15. Let us denote by Mg′,d(BµN) the open substack of the moduli stack of
stable maps Kg′,d(BµN ) whose source curve is smooth. The moduli stack Kg′,d(BµN ) is
defined in [4]; see also [1], where Kg′,d(BµN) is denoted Bg′,d(µN ). We observe that the
stack MA we have just defined (with the first definition of morphisms in Remark 2.13)
is an open and closed substack of the quotient stack [Mg′,d(BµN)/SA] prescribed by the
assignment of the ramifications d1, . . . , dN−1.
We now show that the moduli stacks M′A we have just constructed constitute open and
closed substacks of the inertia stack of Mg.
Corollary 2.16. Let us fix g,N > 1. Then the stack IN (Mg) of Definition 2.1 is
isomorphic to the disjoint union of all nonempty stacks M′A for all g-admissible data
A = (g′,m, d1, . . . , dm−1) with order m equal to N .
Proof. Follows from Definitions 2.7, 2.10 and by adapting the proof of [24, Theorem 2.1,
Proposition 2.1] to this relative case (cf. Fact 2.6). Indeed, there is a base-preserving
equivalence of categories:
(2.17) IN (Mg)(S)→
∐
A
M′A(S),
where in the right hand side the disjoint union is taken over all g-admissible data with
order N . We sketch the proof of this well–known fact, by explicitly defining the (functorial)
correspondence (2.17). Let us assume that a µN -cover ψ : X → C is given (over a base S).
Over each point s ∈ S, the branch divisor Ds of the cover Xs → Cs can be split according
to local monodromy in smooth effective divisors D1,s, . . . ,DN−1,s, having pairwise disjoint
support. Identifying these divisors with sections of the appropriate symmetric product
of C → S gives the Di. Each Di defines a codimension 1 subscheme of C which does
not contain any fibre of C → S, hence they give rise to effective Cartier divisors on C.
At this point, we only need to construct the line bundle L together with the isomorphism
φ : L⊗N → OC(
∑
i iDi). Since the cover is nontrivial, the action of µN on the push-forward
sheaf ψ∗(OX) defines a splitting as a direct sum of line bundles:
ψ∗OX = L0 ⊕ . . .⊕ LN−1
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where Li is the subsheaf of ψ∗(OX) of sections where µN acts with weight i. The line
bundle L is then defined as L∨1 . By viewing the sections of L = L
∨
1 as functions on the
total space of the line bundle L1, and hence also as functions on its trivial section C, we
obtain an identification
φ : L⊗N1 ⊗OC(
∑
i
iDi)→ OC .
The correspondence just defined is essentially surjective. Indeed, if the line bundle L is
given over C ′, we set L1 := L
∨. The line bundles La can then be defined as:
(2.18) La := L
⊗a
1 ⊗
N−1⊗
i=1
OC(Di)
−[ ai
N
] a = 0, . . . , N − 1
Now the number [aiN ] + [
bi
N ] − [
(a+b)i
N ] can either be 0 or 1. In both cases, the canonical
sections of the line bundles:
OC(Di)
[ ai
N
]+[ bi
N
]−[ (a+b)i
N
]
permit the definition of a ring structure over R :=
⊕N−1
i=0 Li. Now the normalization of the
spectrum of R reconstructs the smooth µN -cover of C
′ up to isomorphism of µN -cover. If
one considers the definition of morphisms in the groupoidM′A(S) given in Remark 2.13, one
can also check that the correspondence is fully faithful, hence an equivalence of categories.

The moduli spacesM′A are indeed connected. This would follow, after some work, from
[12, Theorem 1.2]. We refer to a more recent work of Catanese, where the result we need
is stated in the same language used in this paper.
Theorem 2.19. ([8, Theorem 2.4]) Let A be a g-admissible datum. When the stack M′A
is nonempty, it is connected.
In particular, as a consequence of this connectedness result, the nonempty moduli stacks
M′A give all the twisted sectors of the inertia stack of Mg.
Remark 2.20. Working with the second definition in Remark 2.13 of morphism for the
stack MA, one obtains a decomposition of the rigidified inertia stack (see Remark 2.5) of
Mg.
3. The inertia stack of M3
In this section, we study the geometry of the twisted sectors of the inertia stack of the
moduli space of smooth, genus 3 curves. We determine the cohomology of all these twisted
sectors as a graded vector space with Hodge structures. We shall state these results in the
form of polynomials with coefficients in K0(HSQ) (see Section 1.a).
Our approach is based on the correspondence between twisted sectors and g-admissible
data introduced in the previous section. Of course, in the case of genus 3 also a direct
approach is possible by classifying all automorphisms of plane quartic curves (as in e.g.
[11, Lemma 6.5.1]) and of all hyperelliptic genus 3 curves. However, our approach seems
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A χcHdg(MA) χ
c
Hdg(MA) a(MA)
(2; 8) L5 L5 + 3L4 + 6L3 + 6L2 + 3L+ 1 12
(3; 4, 1) L2 L2 + 2L+ 1 53
(3; 1, 4) L2 L2 + 2L+ 1 73
(4; 4, 0, 0) L L+ 1 2
(4; 0, 0, 4) L L+ 1 3
(4; 2, 3, 0) L2 − L L2 + 2L+ 1 74
(4; 0, 3, 2) L2 − L L2 + 2L+ 1 94
(4; 2, 0, 2) L− 1 L+ 1 52
(6; 1, 0, 2, 0, 1) L− 1 L+ 1 52
(6; 1, 0, 1, 2, 0) L− 1 L+ 1 83
(6; 0, 2, 1, 0, 1) L− 1 L+ 1 73
Table 1. Positive-dimensional twisted sectors. For the sake of brevity we
omit g′ = 0 from the notation of the admissible datum.
more suitable for cohomological computations and has the advantage that it generalizes to
higher genus.
If X is a twisted sector of I(M3), we have seen in the previous section that X ∼=MA for
A a certain 3-admissible datum. We start by considering the admissible data with g′ = 0.
Proposition 3.1. There are 43 different 3-admissible data A with g′ = 0 that parametrize
connected covers. The complete list of these admissible data and of the Hodge–Grothendieck
characters for compact support of the associated twisted sectors MA is given in Tables 1
and 2.
Proof. If A is a g-admissible datum with g′ = 0, then it is easy to see thatMA ∼= [M0,d/SA]
holds. Therefore one hasH•c (MA)
∼= H•c (M0,d)
SA , the SA-invariant part of the cohomology
with compact support ofM0,d. Hence, for every A, the cohomology with compact support
ofMA can be computed from the description of the cohomology ofM0,d as a representation
of the symmetric group Sd, which is known for every d ≥ 3 by work of Getzler [14, 5.6]
(see also [17, Theorem 2.9]).
In our case, we need to work with connected covers, i.e. we restrict to 3-admissible
data that satisfy the connectedness condition explained in Remark 2.11 for g′ = 0. We
obtain their list (which we give in Table 1 and 2) by finding all solutions of equations (2.8),
(2.9) for g = 3, and the condition explained in Remark 2.11 for g′ = 0. Using Getzler’s
formulas we compute their Hodge–Grothendieck characters for compact support, i.e. the
Euler characteristic of their cohomology with compact support in the Grothendieck group
of Hodge structures. 
Remark 3.2. If A is an admissible datum with g′ = 0, the Hodge–Grothendieck character
for compact support of MA determines uniquely the cohomology of MA, because its k-th
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3-admissible with g′ = 0 Age 3-admissible with g′ = 0 Age
(7; 2, 0, 0, 0, 1, 0) 207 (9; 1, 0, 1, 0, 1, 0, 0, 0)
26
9
(7; 0, 1, 0, 0, 0, 2) 227 (9; 0, 0, 0, 1, 0, 1, 0, 1)
28
9
(7; 1, 1, 0, 1, 0, 0) 3 (9; 0, 1, 1, 1, 0, 0, 0, 0) 299
(7; 0, 0, 1, 0, 1, 1) 3 (9; 0, 0, 0, 0, 1, 1, 1, 0) 259
(7; 1, 0, 2, 0, 0, 0) 237 (12; 10100001000)
10
3
(7; 0, 0, 0, 2, 0, 1) 197 (12; 00010000101)
8
3
(7; 0, 2, 1, 0, 0, 0) 247 (12; 10001100000)
13
4
(7; 0, 0, 0, 1, 2, 0) 187 (12; 00000110001)
11
4
(8; 2, 0, 0, 0, 0, 1, 0) 134 (12; 00111000000)
8
3
(8; 0, 1, 0, 0, 0, 0, 2) 114 (12; 00000011100)
10
3
(8; 1, 1, 0, 0, 1, 0, 0) 3 (14; 1000011000000) 5114
(8; 0, 0, 1, 0, 0, 1, 1) 3 (14; 0000001100001) 3314
(8; 0, 1, 2, 0, 0, 0, 0) 114 (14; 0100101000000)
41
14
(8; 0, 0, 0, 0, 2, 1, 0) 134 (14; 0000001010010)
43
14
(9; 1, 1, 0, 0, 0, 1, 0, 0) 319 (14; 0011001000000)
45
14
(9; 0, 0, 1, 0, 0, 0, 1, 1) 239 (14; 0000001001100)
39
14
Table 2. 0-dimensional twisted sectors. For the sake of brevity we omit
g′ = 0 from the notation of the admissible datum.
compactly supported cohomology carries a pure Hodge structure of weight 2 dim(MA) −
k. This property holds for the space M0,d and follows from the structure of M0,d as a
complement of hyperplanes in Cd−3. Since H•c (MA) is a subring of H
•
c (M0,d), it holds for
MA as well.
It is easy to see that there are exactly four 3-admissible data with g′ > 0. Following
Definition 2.10, they correspond to the four moduli stacks of cyclic covers:
(3.3) M(1,2;4), M(1,3;1,1), M(1,4;0,2,0) and M(2,2;0).
In view of Definition 2.10, the moduli stacks M(g′,N,d1,...,dN−1) parametrize objects of type
(C,L,D1, . . . ,DN−1, φ), where C is a curve of genus g
′, the Di are disjoint effective divisors
of prescribed degrees di and φ : L
⊗N → OC(
∑
i iDi) is an isomorphism. Hence, it suffices
to compute the cohomology of the following four stacks:
A =
{
(C,D1, L)| g(C) = 1, deg(D1) = 4, L
⊗2 ∼= OC(D1)
}
,
B =
{
(C,D1,D2, L)
∣∣∣∣ g(C) = 1,deg(D1) = deg(D2) = 1,L⊗3 ∼= OC(D1 + 2D2)
}
,
C =
{
(C,D2, L)| g(C) = 1, deg(D2) = 2, L
⊗4 ∼= OC(2D2)
}
,
D =
{
(C,D1, L)| g(C) = 2, L
⊗2 ∼= OC
}
.
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It is easy to see that A and B are connected, while C and D are not. The stack C has two
open and closed substacks C′ and C′′ that correspond, respectively, to the two conditions
L⊗2 6∼= O(D2) and L
⊗2 ∼= O(D2). The stack D has two open and closed substacks D
′ and
D′′ that correspond, respectively, to the conditions L 6∼= OC and L ∼= OC . Observe that C
′′
and D′′ parametrize disconnected covers.
In the remainder of this section, we study the cohomology of B and D′, while we postpone
the analogous computation for A and C′ to the following section.
In the following lemma, we let X1(3) be the closed substack inM1,2 of curves (C, p1, p2)
such that p2 is a point of 3-torsion for the elliptic curve (C, p1).
Lemma 3.4. The coarse moduli space of B is isomorphic to the coarse moduli space of
M1,2 \X1(3).
Proof. The moduli stack B parametrizes curves C of genus g′ = 1, two distinct points
x, y ∈ C and a line bundle L of degree 1 on C. Let C1,2 be the universal curve over M1,2:
it parametrizes genus 1 curves C with three points x1, x2, q such that x1 6= x2. We define
B˜ to be the irreducible codimension 1 substack of C1,2 defined by the following constraint
on the three points:
B˜ = {(C, x1, x2, q)| 3q ≡ x1 + 2x2}.
Now it is clear that B and B˜ share the same coarse moduli space. This can be checked by
associating to a triple (C, x, y, L) the triple (C, x1, x2, q) where q is the point on the curve
C determined by the isomorphism class of the line bundle L. The diagram:
B˜ = {3q = x1 + 2x2}



// C1,2
πx

∋(x, y, q)
❴

M1,2


//M1,2 ∋ (y, q)
is cartesian. Indeed, the restriction of πx to the closed locus B˜ ⊂ C1,2 takes values inM1,2,
since q = y, 3q = x + 2y =⇒ x = y. Furthermore, the restriction of πx to B˜ is an
isomorphism onto the image locus, i.e. the points where 3q 6= 3y. From this the claim
follows. 
From this description, we can deduce the cohomology with compact support of B.
Corollary 3.5. The cohomology with compact support of B is given by
PB(t) :=
∑
i∈N
[H ic(B)]t
i = L2t4 + Lt3 + t2.
Proof. The cohomology with compact support of M1,2 is concentrated in degree 4, while
the cohomology with compact support of X1(3) can be deduced from the fact that its
coarse moduli space is a P1 minus two points. This classical result can be proved directly
by considering the coarse moduli space of X1(3) as the quotient of the pointed rational
curve P1 \ {[0, 1], [1,−3ζk3 ]} parametrizing the Hesse pencil λ(x
3
0 + x
3
1 + x
3
3) + µx0x1x2 = 0
by the action of µ3 generated by [λ, µ] 7→ [λ, ζ3µ]. Then the result follows from the long
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exact sequence of compactly supported cohomology, associated to the inclusion of X1(3)
in M1,2 with complement isomorphic to B. 
Now we study the stack D′. It turns out that we can describe it as a quotient of a moduli
stack of genus 0 curves with marked points, by the action of a subgroup of the symmetric
group that symmetrizes some of the points. This enables us to compute its cohomology
from Getzler’s formulas ([14]).
Lemma 3.6. The coarse moduli space of D′ is M0,6/S4 ×S2.
Proof. The claim follows from the well known fact that every nontrivial square root of the
structure sheaf on a smooth genus 2 curve C is of the form O(x1 − x2) where x1 and x2
are distinct Weierstrass points of C, and that this expression is unique up to changing the
order of x1 and x2. 
Corollary 3.7. The cohomology with compact support of D′ is given by
PD(t) = L
3t6 + L2t5.
3.a. The geometry of the twisted sectors A and C′. The aim of this section is to
prove the following two results:
Proposition 3.8. The cohomology with compact support of A is expressed by
PA(t) = L
4t8 + L2t5.
Proposition 3.9. The cohomology with compact support of C′ is given by
PC′(t) = L
2t4 + Lt3 + t2.
This completes our cohomological analysis of the inertia stack of M3. In particular,
we are now able to produce the dimension of the orbifold cohomology as a vector space
H•CR(M3) from the Propositions 3.1, 3.8, 3.9 and the Corollaries 3.5 and 3.7.
Corollary 3.10. The orbifold cohomology of M3 has dimension 62.
In Section 5.b we shall describe the Q-graded structure of this vector space in Theorem 5.12.
3.a.1. The cohomology of the moduli space A. Recall that the moduli space A parametrizes
bielliptic genus 3 curves. We described it as the moduli stack of genus 1 curves with a
set {x1, x2, x3, x4} of (unordered) marked points and a line bundle L such that L
⊗2 =
O(x1 + x2 + x3 + x4).
The divisor D1 := x1 + x2 + x3 + x4 defines an embedding of C in P
3; the image is the
complete intersection of two quadrics. If we consider C as a curve in P3, the square roots
of O(D1) correspond to divisors cut by planes in P
3 that are tangent to C at two points
(possibly coinciding) with multiplicity 2. For a fixed C this gives four distinct line bundles.
They can be constructed explicitly as the g12 cut by the ruling of each of the four singular
quadrics in P3 lying in the ideal of C.
One can see this geometrically by considering that divisors linearly equivalent to D1
are cut by 2-planes in P3. Hence, a square root of O(D1) must correspond to a bitangent
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2-plane and the only planes of this form are the tangent planes to the singular quadrics
containing C.
From this it follows that A can be viewed as the moduli space of pairs (C, {x1, . . . , x4})
where the curve C is a smooth genus 1 curve lying on a fixed quadric cone Q ⊂ P3 and
the xi are 4 distinct unordered points on C lying on the same plane section H ⊂ Q. If
the hyperplane section H is reducible, it is the union of two lines of the ruling of Q. In
this case, the involution of C interchanging each pair of points lying on the same line of
the ruling of Q lifts to an involution of the double cover C˜ → C; this involution gives C ′
a hyperelliptic structure. In particular, as shown in [10, Corollary 1], the composition of
these two involutions on C gives a fixed-point-free involution on C˜.
Therefore, the coarse moduli space of the closed substack Ah of A corresponding to
bielliptic structures on genus 3 hyperelliptic curves is isomorphic to the coarse moduli
space of D′.
At this point, it only remains to calculate the cohomology of the complement Anh =
A \Ah.
Lemma 3.11. PAnh(t) = L
4t8 + L3t7.
Proof. First we note that there is a map Anh →M0,4/S4 associating to (C, {xi}) the con-
figuration {x1, . . . , x4} of four points on the curve H ∼= P
1. To make explicit computations,
we view Q as the weighted projective plane P(1, 1, 2) and choose coordinates u0, u1, w on
Q such that H is defined by the equation w = 0.
Every element of Anh has an equation of the form
φα,ǫ,t(u0, u1, w) := w
2 − α(u0, u1)w + ǫu0u1(u1 − u0)(u1 − tu0) = 0
with α ∈ C[u0, u1]2 ∼= C
3, ǫ ∈ C and [t] := {0, 1,∞, t} ∈ M0,4/S4. This equation is
uniquely defined up the action of C∗ on (α, ǫ) by scaling:
s(α, ǫ) = (s2α, s4ǫ).
Hence, we study the incidence correspondence:
I :=
{
(α, ǫ, [t]) ∈ (C4 ×M0,4)/S4
∣∣∣∣ φα,ǫ,t(u0, u1, w) = 0 definesa nonsingular curve
}
.
To compute the cohomology of I, we apply Vassiliev–Gorinov’s method to the com-
plement Σ of I inside (C4 × M0,4)/S4. Specifically, we use the version of the method
developed for the case of curves with marked points given in [28], to which we refer for
technical details on the construction. Note that the original construction of Vassiliev–
Gorinov’s methods is based on the study of Borel–Moore homology (i.e. homology theory
with compact support). For stylistic reasons, in this paper we will use cohomology with
compact support instead of Borel–Moore homology. All results can be easily adapted by
duality.
The first step of Vassiliev–Gorinov’s method consists in classifying all possible singular
loci of elements of Σ. This classification is then used to define a cubical space X whose
geometric realization |X | has the same cohomology with compact support as Σ. This
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geometric realization has a natural stratification {Fi} by locally closed subsets that are
indexed by the types of singular sets that arise in the classification. Each stratum Fi can
be explicitly described as a bundle over the space
Bi :=
{
(φ, [t],K)
∣∣∣∣ (φ, [t]) ∈ Σ,K ⊂ Q is a singular configurationof type i containing the singular locus of (φ, [t])
}
.
If the configurations of type i are finite sets, then Fi → Bi is a nonorientable simplicial
bundle; otherwise, the stratum Fi is a union of simplicial bundles.
The Gysin spectral sequence Ep,qr ⇒ H
p+q
c (Σ) with E
p,q
1 = H
p
c (Fq) associated with the
stratification {Fi} is called the Vassiliev’s spectral sequence.
(1) One singular point on H. In this case the curve is of the form w(w+au0+bu1) = 0
and both components pass through the singular point. The stratum F1 is a C
2-
bundle over H ×M0,4/S4.
(2) Two singular points on H. The curve is of the form w(w+au0+ bu1) = 0 and both
components have to pass through the singular points. If we fix the two distinct
singular points s1, s2 on H, then the φ = (α, ǫ) ∈ C
4 giving a curve singular at s1
and s2 form a 1-dimensional subspace. This yields the following description for the
stratum F2: It is the quotient of a C-bundle over (0, 1) × (F (H, 2)×M0,4)/S4 by
the involution (τ, (s1, s2), [t], (α, ǫ)) 7→ (1−τ, (s2, s1), [t], (α, ǫ)). From this it follows
that the cohomology with compact support of F2 is concentrated in degree 7 and
carries a Tate Hodge structure of weight 6.
(3) The curve H. The stratum F3 has trivial cohomology with compact support be-
cause H is a smooth rational curve (see e.g. [27, Lemma 2.19]).
(4) One point P outside H. Having a singular point outsideH imposes three conditions
on the equation, hence we get that F4 is a C-bundle over the space of configurations
(P, {x1, x2, x3, x4}). Note that P is not allowed to lie on the same line of the ruling
as any of the xi. Hence the configuration space is a C
∗-bundle overM0,5/S4, whose
cohomology with compact support is concentrated in degree 4 by the results in [14].
(5) Two points outside H. In this case the singular curve is the union of two irreducible
plane sectionsH1, H2 ofQ which are different fromH and not tangent to each other.
Each of the components passes through exactly two of the xi. Up to reordering the
points we may assume that H1 passes through x1 and x2 and H2 passes through
x3 and x4.
It is important to observe that such a curve H1∪H2 is uniquely identified by the
partially ordered configuration ({{x1, x2}, {x3, x4}}, {s1, s2}) of points on H, where
s1, s2 denote the projections on H of the singular points of the curve. Furthermore,
a configuration (x1, . . . , x4, s1, s2) comes from a singular curve H1 ∪H2 if and only
if there is an automorphism of H ∼= P1 that interchanges the following pairs of
points: x1 ↔ x2, x3 ↔ x4 and s1 ↔ s2. This condition defines a codimension 1
subset N ⊂M0,6.
Thus, one can study the cohomology with compact support of the stratum F5
by taking the part of the cohomology with compact support of N such that the
symmetric group S4 acts on the first two points as the representation S4⊕S2,2 and
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Table 3. Spectral sequence converging to H•c ((C
4 ×M0,4)/S4 \ I).
q
7 Q(−4) 0 0
6 0 0 0
5 Q(−3) Q(−3) Q(−4)
4 0 0 Q(−3)
1 2 3 p
type (1) (2) (4)
the symmetric group S2 interchanging s1 and s2 acts as the alternating represen-
tation. Then a direct computation shows that the only cohomology class with this
behaviour is the trivial class. From this it follows that this stratum contributes
trivially to the Vassiliev’s spectral sequence.
From this classification it follows that only configurations of type (1), (2) and (4) con-
tribute to Vassiliev’s spectral sequence. We give the Vassiliev’s spectral sequence associated
to this classification of the singularities in Table 3. Our description of the singularities also
shows that Σ has two irreducible components: namely, the divisor D1 of curves with sin-
gularities of type (1) and the divisor D2 of curves with singularities of type (3). By the
long exact sequence associated to the inclusion Σ →֒ (C4×M0,4)/S4, they give two classes
δ1, δ2 in the first cohomology group of I.
Consider the Leray spectral sequence associated to the quotient map q : I → Anh.
The action of C∗ on I can be extended to an action of C on (C4 ×M0,4)/S4. In this
extended action, one can see that 0 ∈ C maps surjectively to the locus 0 ×M0,4, which
is contained in the intersection of D1 and D2. If we denote by h a generator of H
1(C∗),
this shows that the image of h in the pull-back of the orbit map C∗ → (C4 ×M0,4)/S4
is a linear combination of the classes δ1, δ2 ∈ H
1(I). This can be used to prove that the
Leray spectral sequence in cohomology associated to q degenerates at E2, i.e., by Poincare´
duality, we have H•c (I)
∼= H•c (C
∗)⊗H•c (Anh) for cohomology with compact support.
Now let us go back to the spectral sequence in Table 3. Since (C4 × M0,4)/S4 has
cohomology with compact support concentrated in degree 10, the Gysin long exact sequence
associated to the inclusion Σ →֒ (C4 ×M0,4)/S4 yields isomorphisms
Hk−1c (Σ)
∼= Hk+1c (I)
for all k ≤ 9. In view of the structure of H•c (I) as a tensor product, we have that the
d1-differential E11,5 → E
1
2,5 must be an isomorphism. All other differentials are necessarily
0 by Hodge-theoretic reasons, since they are maps between pure Hodge structures with
different weights. This implies that the cohomology of I is isomorphic (as a graded vector
space with mixed Hodge structures) to the cohomology of C3 × C∗ × C∗ and that the
cohomology of Anh is isomorphic to that of C
3 × C∗. 
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of Proposition 3.8. We want to compute the cohomology with compact support of A by
using the Gysin long exact sequence
Hkc (A)→ H
k
c (Ah)
dk−→ Hk+1c (Anh)→ H
k+1
c (A)
associated to the inclusion Ah →֒ A. Since the cohomology with compact support of Ah
(resp. Anh) is nontrivial only in degree 5 and 6 (resp. 7 and 8) the only differential which
may be nontrivial is d6. To prove the claim, we need to show that d6 is an isomorphism
or, equivalently, that the cohomology with compact support of A vanishes in degree 7.
To prove this, we are allowed to discard in our configurations all subvarieties of A of
codimension larger than 1, since they cannot possibly contribute to the cohomology with
compact support in such a high degree.
Recall that A is the moduli space of pairs (C,H) where C is a smooth genus 1 curve
lying on a fixed quadric cone Q and H is a reduced plane section of Q that intersects
C in four distinct points. In particular, the fact that C lies on Q endows C with a
natural structure as double cover of P1 ramified at 4 points, giving rise to a natural map
A → M0,4/S4. Note that, once a configuration (0,∞, 1, t) ∈ M0,4 is chosen, there is a
canonical form for the genus 1 curve in Q lying over {0,∞, 1, t}, by taking the equation
w2 − u0u1(u0 − u1)(tu0 − u1) = 0. Therefore, it only remains to describe which reduced
plane sections of Q are not tangent to a fixed smooth curve C ⊂ Q. Planes in projective
three-space are parametrized by a P3; reduced plane sections H come from a rational curve
in this P3, which we can discard since it has codimension > 1. The condition that H is not
tangent to the fixed C defines an irreducible hypersurface in the P3 parametrizing plane
sections. Here we only need to deal with irreducible plane sections because the locus of
reducible plane sections has already codimension 1 in P3 and any special sublocus of it we
could have to discard would not influence H7c (A).
From this description, it follows that the cohomology with compact support of A in
degree ≥ 7 coincides with that of the S4-quotient of a fibration over M0,4 having the
complement of a S4-invariant hypersurface in P
3 as fibre. Then the claim follows from
the fact that the cohomology with compact support of the complement of an irreducible
hypersurfaces is 0 in degree 6. 
3.a.2. The cohomology of the moduli space C′. The space C′ is the moduli space of genus
1 curves C with a set {x1, x2} of (unordered) marked points and a line bundle L such
that L⊗4 = O(x1 + x2)
⊗2 but L⊗2 6= O(x1 + x2). In this section, we give a more explicit
geometric description of C′ that enables one to compute its cohomology.
First we observe that the line bundle L⊗4 defines an embedding of C into P3; in the
following, we shall identify C with its image in P3. Then all divisors linearly equivalent to
L⊗4 are cut by plane sections of C. In particular, the line bundle L itself has to be cut by
a plane in P3 tangent to C with multiplicity 4 at one point q. This means that there is
a quadric cone Q ⊂ P3 containing C, whose ruling cuts the divisor L⊗2 on C. Then q is
one of the ramification points of this g12 . Equivalently, the pair (Q, q) identifies the divisor
L. The points x1, x2 are contact points of a bitangent plane to C. In other words, we can
describe C′ as the moduli space of triples (C, q,Π) where C is a smooth genus 1 curve lying
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on a fixed quadric cone Q, the point q is a ramification point of the g12 cut by the ruling of
Q and Π ⊂ P3 is a plane tangent to C at two distinct points.
Instead than working directly with C′, we work with the moduli space C˜ of sequences
(C, p1, p2, p3, q,Π) with C and Π are as above and p1, p2, p3, q are the ramification points
of the g12 . The forgetful map C˜ → C
′ can be interpreted as the quotient by the action of
the symmetric group permuting the three points p1, p2, p3. There is also a natural map
φ : C˜ → M0,4 that maps (C, p1, p2, p3, q,Π) to the moduli of the ordered branch locus of
the g12 .
of Proposition 3.9. The structure of C˜ as an S3-cover of C
′ ensures that the rational coho-
mology of the latter space coincides with the S3-invariant part of the cohomology of C˜. We
want to compute it by exploiting the Leray spectral sequence associated to the forgetful
map φ : C˜ → M0,4. To this end, we need to describe the fibers of φ and to calculate their
cohomology.
The fibre of φ over a 4-tuple (p1, p2, p3, q) is the space of all bitangents to the curve
C obtained as a double cover of P1 ramified at p1, p2, p3 and q. We need to parametrize
all bitangent planes of the curve C that give rise to reduced plane sections. Since we are
studying rational cohomology, which only depends on the coarse moduli space of the stack
considered, it is enough to describe all reduced bitangents up to the action of the elliptic
involution of (C, q).
Then an explicit computation yields that the space of all reduced bitangents to C has
three distinct irreducible components, isomorphic to P1 and depending on the choice of
one of the points pi. In particular, the three components are permuted by the S3-action.
In the description of the components, we shall denote the line of the ruling of Q passing
through q (respectively, through pi for 1 ≤ i ≤ 3) by ℓ, respectively, ℓi.
Then the point p3 corresponds to the family of bitangents containing the reducible
bitangent ℓ1 ∪ ℓ2 and ℓ3 ∪ ℓ. This family contains exactly two flex bitangents, i.e. planes
tangent to C at one point with multiplicity 4. The contact points on these flex bitangents
are the points of C lying over the points of C lying in the fixed locus of the involution
ℓ1 ↔ ℓ2, ℓ3 ↔ ℓ on the ruling of Q. In our description, we have to take only the bitangents
with two distinct tangency points x1, x2, i.e. only proper bitangents, hence we need to
discard these two points of the family. Hence each irreducible component of the fibre of φ
over (p1, p2, p3, q) is isomorphic to C
∗. If we consider the action of the involution p1 ↔ p2
on the cohomology of this component of the fibre, we get that it acts trivially in degree 0
and as the sign representation in degree 1.
We obtain the other two components by taking the action of the symmetric groupS3 into
account. Then the cohomology of φ−1(p1, p2, p3, q), with its structure as S3-representation
and its mixed Hodge structures, is given by S3+S2,1 in degree 0 and S2,1+S13 in degree 1.
At this point, recall that M0,4 is isomorphic to P
1 minus 3 points, and in particular,
that its cohomology with the action of S3 permuting the first three marked points is given
by S3 in degree 0 and S2,1 in degree 1. The map φ is S3-equivariant, hence the S3-
invariant part of the Er terms of the Leray spectral sequence associated to φ converges to
the cohomology of C′. From the description the S3-action on the basis and the fibre of φ,
THE ORBIFOLD COHOMOLOGY OF MODULI OF GENUS 3 CURVES 19
one gets that the only nontrivial E2 terms of this Leray spectral sequence are (E
0,0
2 )
S3 = Q,
(E1,02 )
S3 = Q(−1) and (E1,12 )
S3 = Q(−2). Then the claim follows by Poincare´ duality. 
4. The compactification of the inertia stack of Mg
In Section 2.b we studied the twisted sectors of Mg as moduli stacks of cyclic covers.
In the present section we consider the compactification of these twisted sectors inside
the inertia stack of Mg. After developing the general theory, we study in detail the
compactification of the moduli stacks of admissible covers that correspond to twisted sectors
of M3.
Recall that in Section 2.b we defined the concept of g-admissible datum and saw that
a g-admissible datum (g′, N, d1, . . . , dN1) always singles out a connected component of the
inertia stack, described as a moduli stack of µN -ramified covers of curves of genus g
′. To
compactify such moduli stacks of µN -covers, we rely on the general theory of twisted stable
map, developed by Abramovich–Vistoli [4], which in our case specializes to the theory of
admissible covers, as developed in [1]. In the language of twisted stable maps, we are
studying balanced twisted stable maps with value in the trivial gerbe BµN . Equivalently,
we are studying µN -admissible covers [1, Theorem 4.3.2].
Definition 4.1. Let A be a g-admissible datum and let us denote as usual the associated
moduli stack byMA, the component consisting of connected covers byM
′
A and the corre-
sponding subgroup of the symmetric group Sd by SA. We define MA (respectively, M
′
A)
as the closure ofMA (respectively, M
′
A) inside [Kg′,d(BµN )/SA], where Kg′,d(BµN ) is the
proper moduli stack of twisted stable d-pointed maps of genus g′ to BµN defined in [4,
Definition 4.3.1] (see also [1, Section 2] for the specific case of BµN ).
The stacks MA give connected components of the inertia stack ofMg by associating to
each admissible cover in MA the pair (C
stab, φ) where Cstab is obtained by stabilizing the
source curve C of the cover, and φ is the automorphism on Cstab induced by the action of
µN on C. Conversely, since the moduli space of admissible covers is proper and contains
the smooth ones, each smoothable cyclic cover X → C where X is a stable curve has an
associated admissible cover, obtained by repeatedly blowing up the two curves X and C.
Proposition 4.2. Let us fix g,N > 1. Then the compactified inertia stack IN (Mg) of
Definition 2.4 is isomorphic to the disjoint union of all nonempty stacks M
′
A for all g-
admissible data A = (g′,m; d1, . . . , dm−1) with order m equal to N .
Proof. The proof of the proposition follows by adapting the proof of Proposition 2.16.
In the case when the covering curve C ′ turns out to be unstable, one applies the usual
stabilization procedure ([18]). 
In other words, in Definition 4.1, we have described all the twisted sectors of I(Mg) that
do not come from the boundary.
Remark 4.3. It is clear that I(Mg) 6= I(Mg), i.e. that there are twisted sectors of Mg
that do not contain any smooth curves. To see this, take two smooth, 1-pointed curves, one
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of genus g′ ≥ 1 and the other of genus g− g′, each admitting an automorphism of different
order that fixes the marked point. Now the curve C obtained gluing the two curves at the
marked points, with the automorphism induced by the two automorphisms, is a point in
the inertia stack of Mg that is not in I(Mg).
Next, we turn our attention to the cohomology of the moduli stacks MA and, more
specifically, to the compactified twisted sectors of Mg whose general object is a curve
that is described as the cyclic cover of a genus 0 curve. For combinatorial reasons, the
large majority of cases fall into this class. We can reduce the problem of computing the
cohomology groups of the MA with g
′ = 0 to the problem of computing the part of the
cohomology of M0,d under the action of the subgroup SA ⊂ Sn, which is then known (see
[14, 5.8]). This relies on the construction of the MA as stack quotients of a connected
substack of Kg′,d(BµN ).
If X is a scheme, D is an effective Cartier divisor, and r is a natural number, then [7]
and [3] introduced the stack XD,r, called the root of a line bundle with a section. The
following result is essential for our application:
Proposition 4.4. ([7, Corollary 2.3.7]) Let X be a scheme. If XD,r is obtained from X
by applying the root construction, the canonical map XD,r → X exhibits X as the coarse
moduli space of XD,r.
Theorem 4.5. ([5, p.2]) Let A be a g-admissible datum (see Definition 2.7), with g′ equal
to 0. The space MA is then a µN -gerbe over the quotient stack [X/SA], where X is a stack
constructed starting from M0,
∑
di by successively applying the root construction (see [5,
Section 2]).
By combining these two results, we obtain a simple description of the cohomology of the
twisted sectors of I(Mg) whose general element is a cyclic cover of a genus 0 curve:
Corollary 4.6. If A is a g-admissible datum with base genus g′ equal to 0, then the stack
MA has the same rational Chow groups and rational cohomology groups as M0,
∑
di
/
SA.
Using the results of [14, 5.8], we can now determine the rational cohomology of the
positive-dimensional twisted sectorsM
′
A whose general object covers a genus 0 curve. The
Hodge–Grothendieck characters of these spaces is listed in the third column of tables 1 and
2. The twisted sectors are proper smooth stacks, hence their k-cohomology group carries
a pure Hodge structure of weight k. For this reason, the Hodge–Grothendieck characters
determine the rational cohomology as vector space with Hodge structures.
4.a. The compactification of the inertia stack of M3. There are only four twisted
sectors inM3 whose general object covers curves of genus 1 or 2. They are the spaces that
we called A,B, C′ and D′ in section 3. The remainder of the present section is thus devoted
to investigating the geometry of their compactifications, in order to compute their rational
cohomology.
The general strategy here is the following. Since we deal with proper smooth stacks, their
cohomology is determined uniquely by the Hodge–Grothendieck character. To compute
this, we exploit the additivity of Hodge–Grothendieck characters for compact support.
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As we already know the Hodge–Grothendieck characters for compact support of the open
parts as a consequence of the Propositions 3.1, 3.8, 3.9 and the Corollaries 3.5 and 3.7, we
need to study the irreducible components of
A \ A, B \ B, C′ \ C′, D′ \ D′.
Furthermore, by Poincare´ duality, all we need to know are the coefficients of the Hodge–
Grothendieck character with degree greater than or equal to half the complex dimension
of the stack considered.
We describe in detail the case of A (the most complicated), and we sketch the proofs of
the other cases.
Proposition 4.7. The Hodge–Grothendieck character of A is
χcHdg(A) = L
4 + 6L3 + 9L2 + 6L+ 1.
Proof. We have seen in Proposition 3.8 that the Hodge–Grothendieck character for compact
support of A is L4 − L2. The moduli stack A admits a finite e´tale map onto [M1,4/S4].
This map extends to a finite map t : A → [M1,4/S4] (see [1, 3.0.5]) on the compactification
A by means of admissible covers.
The stratification ofM1,4 by topological type induces a stratification on A. We need to
study its strata of codimension 1 and 2. The quotient stack [M1,4/S4] has four boundary
divisors, and their general element is as in Figure 1. We denote byD1, . . . ,D4 the associated
locally closed codimension 1 strata, obtained by removing all curves with more than one
node.
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Figure 1. The four boundary strata of codimension 1 in
[
M1,4/S4
]
Now we describe one by one the irreducible components of A that map onto the four
codimension 1 boundary strata we have just pictured:
(1) There are two irreducible components D′1,D
′′
1 lying over D1. They parametrize
admissible double covers C → C ′ such that the restriction to the preimage of
the genus 1 component is, respectively, a trivial µ2-cover in the case of D
′
1 and a
nontrivial µ2-cover in the case of D
′′
1 . The coarse moduli space of D
′
1 is isomorphic
toM1,1×M0,5/S4, and its Hodge–Grothendieck character for compact support is
then L3. The moduli space ofD′′1 is isomorphic toX1(2)×M0,5/S4 and χ
c
Hdg(D
′′
1 ) =
L3 − L2.
(2) Over D2 there is one irreducible component D
′
2, whose moduli space is isomorphic
to II1 ×M0,4/S3. Here II1 is the moduli space of bielliptic curves with a choice
of a distinguished bielliptic involution, and an ordering of the ramification points
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(see [22, Proposition 2.25]). As shown there, the stack II1 has M0,5/S3 as coarse
moduli space. Hence, one has χcHdg(D
′
2) = L
3 − L2 + L;
(3) Over D3 there is one component D
′
3. Its moduli space is II
1/S2, where II
1 is the
moduli space of bielliptic curves C with a distinguished bielliptic involution α and
a point p not fixed by α, and the involution on II1 is defined by sending (C, p, α) to
(C,α(p), α). Using the construction of [22, Proposition 2.22], it is easy to show that
the coarse moduli space of II1/S2 is a C
∗-bundle overM0,5/S3. In particular, one
has χcHdg(D
′
3) = χ
c
Hdg(II
1/S2) = L
3 − 2L2 + 2L− 1;
(4) Finally, over D4 there are two components, one whose general element is a cover
unramified over the node, and the other one whose general element is totally ram-
ified over the node. Both these moduli spaces are isomorphic to M0,6/S4 × S2,
and their Hodge–Grothendieck character for compact support is then L3 − L2.
The second step is to study the number of irreducible components of the preimages in
MA of each of the codimension 2 strata of [M1,4/S4]. There are exactly nine codimension 2
strata F1, . . . , F9 in [M1,4/S4]. We describe them in Figure 2 by drawing their general
element.
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Figure 2. The nine strata of codimension 2 in
[
M1,4/S4
]
• The strata F1, F2 and F3 lie in the closure of the codimension 1 stratum D1. Again,
the preimage of each of them under t has two components, corresponding respec-
tively to trivial and nontrivial µ2-covers of the irreducible component of genus 1;
• The stratum F4 is contained in the closure of D2 and its preimage under t is
irreducible;
• The preimage t−1(F5) has two components, corresponding to whether the two nodes
are contained or not in the branch locus;
• The preimage t−1(F6) is irreducible;
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• The strata F7, F8 and F9 lie in the closure of D4 and the preimage of each of them
has 2 irreducible components. Indeed, while the fact that the separating node is or
not part of the branch locus depends on the disposition of the other branch points,
the irreducible node can be either a branch point or a regular point, which gives
rise to two different components, exactly as it was the case for D4.
So, putting everything together, we have:
(4.8) χcHdg(A) = χ
c
Hdg(A) + χ
c
Hdg(codim 1) + χ
c
Hdg(codim 2) + . . .
= L4 − L2 + (6L3 − 6L2) + (16L2) + . . .
and now, using the fact that Poincare´ duality holds, we get to the conclusion:
(4.9) χcHdg(A) = L
4 + 6L3 + 9L2 + 6L+ 1.

Remark 4.10. In the proof of the above result we have used Poincare´ duality. It is possible
to reach the same conclusion by means of a more refined analysis of the boundary strata.
This gives a non-trivial check on the whole result.
More precisely, the quantity L4 + 6L3 + 9L2 + 6L + 1 is obtained as the sum of the
following contributions:
(L4 − L2) + (6L3 − 6L2 + 3L− 1) + (16L2 − 15L+ 5) + (18L − 13) + 10,
where we have collected the terms according to the codimension of the corresponding
stratum (from codimension 0 to codimension 4).
Proposition 4.11. The Hodge–Grothendieck character of B is L2 + 3L+ 1.
Sketch. We have seen in Corollary 3.5 that χcHdg(B) equals L
2 − L+ 1. The moduli stack
B admits a finite e´tale map onto M1,2. On its compactification B by means of admissible
covers this map extends to a finite map t : B → M1,2. The boundary ∂M1,2 has two
irreducible components: namely, a component δ1 whose general element is of compact
type, and another component δ0 whose general element is an irreducible curve of geometric
genus 0 with one node. It is easy to see that the preimage of both δ0 and δ1 under t has two
irreducible components. By the additivity of Hodge–Grothendieck characters for compact
support this ensures that the coefficients of L and L2 in the Hodge–Grothendieck character
of B are as in the claim. The constant coefficient is equal to the degree 2 coefficient by
Poincare´ duality. 
Proposition 4.12. The Hodge–Grothendieck character of C
′
is L2 + 3L+ 1.
Sketch. We have seen in Proposition 3.9 that χcHdg(C
′) equals L2 − L + 1. The moduli
stack C′ admits a finite e´tale map onto [M1,2/S2]. This map extends to a finite map
t : C′ → [M1,2/S2] on the compactification C′ by means of admissible covers. There are
two irreducible components of codimension 1 in [∂M1,2/S2], one whose general element
is of compact type, and the other one whose general element is an irreducible curve of
geometric genus 0 with one node. We call them respectively δ1 and δ0. Now the fiber of t
24 NICOLA PAGANI AND ORSOLA TOMMASI
over δ1 is made of one irreducible component, while the fiber of t over δ0 is made of three
irreducible components, one for each possible way of prescribing a balanced ramification
over the node. 
Proposition 4.13. The stack D′ has Hodge–Grothendieck character for compact support
L3 + 4L2 + 4L+ 1.
One can compute the Hodge–Grothendieck character of D′ with the same strategy used
for the Propositions 4.7–4.12, but also a more geometric proof is possible:
Remark 4.14. As shown by Bernstein in [6, Sections 2.5–2.6], the coarse moduli space
of admissible e´tale double covers in genus g coincides with the coarse moduli space of
Prym curves, i.e. of quasistable curves together with a line bundle which is isomorphic
to O(1) on the exceptional components and to a square root of the trivial bundle on the
nonexceptional ones. Indeed the latter coarse moduli space, usually denoted by Rg, has
been extensively studied. The results of Bernstein imply that D′ has coarse moduli space
R2, and by [19, Lemma 20] the latter coincides with M0,6/S4 ×S2. The combination of
these results implies Proposition 4.13.
5. The Age Grading
5.a. Definition of Chen–Ruan degree. To complete our computation of the orbifold
cohomology of M3 we still need to consider its structure as a Q-graded vector space. To
compute the new grading, the degree of each cohomology class of the inertia stack of M3
has to be shifted by the age of the twisted sector. We recall from the introduction that the
motivation for the new grading is that orbifold cohomology can be endowed with a natural
product, the Chen–Ruan product, which is not compatible with the “naive” grading of the
cohomology of the inertia stack, but turns it into a Q-graded algebra, once it is endowed
with the new grading.
In the following, we denote by RµN the representation ring of µN , and by ζN a chosen
generator for the group µN of N -roots of 1.
Definition 5.1. ([3, Section 7.1]) Let ρ : µN → C
∗ be a group homomorphism. It is
determined by an integer 0 ≤ k ≤ N − 1 as ρ(ζN ) = ζ
k
N . We define the age of ρ by:
age(ρ) = k/N.
The age extends to a unique additive homomorphism age : RµN → Q.
Next, we define the age of a twisted sector Y . In the following definition, we let f be the
restriction to the twisted sector Y of the natural map I(X)→ X.
Definition 5.2. ([9, Section 3.2], [3, Definition 7.1.1]) Let Y be a twisted sector and
g : SpecC→ Y a point. Then the pull-back via f ◦ g of the tangent sheaf, (f ◦ g)∗(TX), is
a representation of µN on a finite-dimensional vector space. We define:
a(Y ) := age((f ◦ g)∗(TX))
We are ready to define the orbifold, or Chen–Ruan, degree.
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Definition 5.3. ([9, Definition 3.2.2]) We define the dth degree orbifold cohomology group
of X as follows:
HdCR(X) :=
⊕
Y
Hd−2a(Y )(Y )
where the sum runs over all components sectors Y of I(X).
Definition 5.4. We define the orbifold Poincare´ polynomial of X as:
PCR(X) :=
∑
i∈[0,dimC(X)]∩Q
dimH iCR(X)t
i
Note that the degree of H•CR is given by the unconventional grading defined in Defini-
tion 5.3.
In Definition 2.4 we have introduced a compactification of the inertia stack. The con-
nected components of I(X) can be assigned the age grading as in this section, simply
using the fact that every connected component of I(X) contains, by its very definition, a
connected component of I(X). Taking cohomology, one obtains a linear subspace of the
orbifold cohomology H∗CR(Mg). Although we shall not deal with this in the present paper,
it is actually possible to prove that the orbifold cohomology classes coming from I(X) form
a subalgebra of the Chen–Ruan cohomology ring.
Definition 5.5. We define the compactified orbifold cohomology H
•
CR(X) as H
•(I(X))
with the grading induced from H•CR(X). The additive structure of this vector space can
be recollected in the polynomial:
P
CR
(X) :=
∑
i∈[0,dimC(X)]∩Q
dimH
i
CR(X)t
i
We call this polynomial the compactified orbifold Poincare´ polynomial.
We observe that Poincare´ duality holds for the orbifold cohomology of X if X is a
proper smooth stack, and for the compactified orbifold cohomology of X with respect to
the compactification X ⊂ X , if X is smooth.
5.b. The orbifold Poincare´ polynomials of M3. To compute the age of the twisted
sectors, we will use the following Proposition, suggested to us by Fantechi [13], which builds
on [24, Proposition 4.1].
Proposition 5.6. ([13]) Let g > 1 and let Y be the twisted sector of Mg corresponding to
the discrete datum (g′, N, d1, . . . , dN−1) (Definition 2.7, Proposition 2.16). Then its age is
equal to:
(5.7) a(Y ) =
(3g′ − 3)(N − 1)
2
+
1
N
N−1∑
i=1
di
N−1∑
k=1
k
({
ki
N
}
+ σ(k, i)
)
where σ(k, i) = 0 if ki+ gcd(i,N) ≡ 0 (mod N) and 1 otherwise.
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Proof. A point of Y =M′(N,g′,d1,...,dN−1) is a µN -cover C → C
′. By standard infinitesimal
deformation theory, the fiber of the tangent sheaf TMg at C is H
1(C, TC ). Thus the cyclic
group µN acts on the vector space H
1(C, TC), and the latter splits in a direct sum of
eigenspaces as
H1(C, TC) =
⊕
H1(C, TC)
χk ,
where H1(C, TC)
χk denotes the subspace where µN acts with weight k. According to
Definition 5.2, we have:
(5.8) a(Y ) =
N−1∑
k=1
k
N
h1(C, TC )
χk .
Now by stability we can substitute h1(C, TC ) with −χ(C, TC). Moreover, since π is finite
and TC is coherent, we have that all higher invariant direct images R
iπµN∗ (TC) vanish (see
[16, Chapter V, Corollary p. 202]), and thus:
H i(C, TC)
χk = H i(C ′, (π∗TC))
χk = H i(C ′, (π∗TC)
χk), i = 0, 1.
So (5.8) becomes
(5.9) a(Y ) =
N−1∑
k=1
−
k
N
χ((π∗TC)
χk).
The sheaf π∗(TC) is studied in [24, Proposition 4.1,(a)]. In particular, one has
(5.10) deg (π∗(TC)
χk) = deg TC′ −
∑
σ(k,i)=1
di − degLk
where the degree of the line bundles Lk can be computed via [24, Proposition 2.1] (see also
(2.18)):
degLk =
∑
i
{
ki
N
}
di.
Now, if we combine (5.10) with Riemann-Roch to compute the Euler characteristic
in (5.9), we obtain
(5.11) a(Y ) =
1
N
N−1∑
k=1
k

3g′ − 3 + ∑
σ(k,i)=1
di +
N−1∑
i=1
{
ki
N
}
di


and from this last equation the statement follows. 
Note that by combining Proposition 5.6 with [22, Lemma 4.6] (respectively, with [22,
Corollary 4.10]), one obtains a closed formula for the age of the twisted sectors of Mg,n
(respectively, Mrtg,n, the moduli space of stable curves that have one smooth component of
geometric genus g).
The results we have seen so far enable us to compute the orbifold Poincare´ polynomial
of M3 and its compactified orbifold Poincare´ polynomial.
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Theorem 5.12. The orbifold Poincare´ polynomial (Definition 5.4) of M3 is:
1 + t+ 2t2 + t3 + t
10
3 + t
7
2 + 4t4 + 2t
9
2 + 2t
14
3 + t
33
7 + 5t5 + t
46
9 + t
36
7
+3t
16
3 + t
38
7 + 4t
11
2 + t
50
9 + t
39
7 + t
17
3 + t
40
7 + t
52
9 + t
41
7 + 10t6 + t
43
7
+t
56
9 + t
44
7 + t
19
3 + t
45
7 + t
58
9 + 3t
13
2 + t
46
7 + 2t
20
3 + t
48
7 + t
62
9 + t
51
7 .
Proof. The ordinary Poincare´ polynomial of M3 is calculated in [20, (4.7)]. Then the
result follows from the determination of the Poincare´ polynomials of the moduli stacks
M′A carried out in Section 3 for any 3-admissible datum A. See in particular Table 1
and 2, Proposition 3.8 and 3.9 and Corollary 3.5 and 3.7.
Finally, the age of the twisted sectors is computed using Proposition 5.7. 
Remark 5.13. In our work we have computed the Hodge structures on the twisted sectors
of M3, which turned out to be always pure and of Tate type. Therefore, if following [9,
Def. 3.2.4] one defines
Hp,q(HdCR(M3)) =
⊕
Y
Hp−a(Y ),q−a(Y )(Hd−2a(Y )(Y )),
where the sum runs over all sectors Y of M3, one can endow H
d
CR(M3) with a canonical
structure of direct sum of pure Hodge structures of Tate type whose Hodge filtrations have
been shifted by a rational number. Under this convention, what we actually prove is the
following result:
∑
p,d∈Q
dim(Hp,p(HdCR(M3)))L
2ptd =
1 + L1/2t+ 2Lt2 + L3/2t3 + (3L2 + L5/2)t4
+ (2L5/2 + 3L3)t5 + (5L3 + 2L7/2 + 2L4 + L6)t6
+ L7/4t7/2(1 + Lt) + L9/4t9/2(1 + Lt) + 3L11/4t11/2 + 3L13/4t13/2
+ L5/3t10/3 + L7/3t14/3(2 + Lt) + L8/3t16/3(3 + Lt) + 2L10/3t20/3
+ L33/14t33/7 + L18/7t36/7 + L19/7t38/7 + L39/14t39/7 + L20/7t40/7
+ L41/14t41/7 + L43/14t43/7 + L22/7t44/7 + L45/14t45/7 + L23/7t46/7
+ L24/7t48/7 + L51/14t51/7 + L23/9t46/9 + L25/9t50/9
+ L26/9t52/9 + L28/9t56/9 + L29/9t58/9 + L31/9t62/9.
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Theorem 5.14. The compactified orbifold Poincare´ polynomial (see Definition 5.5) ofM3
is:
1 + t+ 4t2 + 4t3 + t
10
3 + t
7
2 + 16t4 + t
9
2 + 2t
14
3 + t
33
7 + 12t5
+ t
46
9 + t
36
7 + 5t
16
3 + t
38
7 + 5t
11
2 + t
50
9 + t
39
7 + t
40
7 + t
52
9 + t
41
7
+ 31t6 + t
43
7 + t
56
9 + t
44
7 + t
45
7 + t
58
9 + 5t
13
2 + t
46
7 + 5t
20
3 + t
48
7 + t
62
9
+ 12t7 + t
51
7 + 2t
22
3 + t
15
2 + 16t8 + t
17
2 + t
26
3 + 4t9 + 4t10 + t11 + t12.
Remark 5.15. From the description of the cohomology of the compactified twisted sec-
tors it also follows that the whole compactified orbifold cohomology of M3 is additively
generated by algebraic classes.
Proof. The ordinary Poincare´ polynomial ofM3 was first computed in [15, Prop. 16]. The
proof of this theorem follows again as a recollection of the results obtained in Section 4, in
particular the Propositions 4.7, 4.11, 4.12, 4.13 for the Poincare´ polynomials of A, B, C
′
,
D
′
respectively. For the remaining twisted sectors, the Poincare´ polynomial is computed
applying Corollary 4.6 and the results are summarized in Table 1 and 2.
Finally, for the degree shifting numbers, one can compute directly the age of the twisted
sectors using Proposition 5.7. 
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